Abstract. It is natural to ask when a group has a planar Hasse lattice or more generally when its subgroup graph is planar. In this paper, we completely answer this question for finite groups. We analyze abelian groups, p-groups, solvable groups, and nonsolvable groups in turn. We find seven infinite families (four depending on two parameters, one on three, two on four), and three "sporadic" groups. In particular, we show that no nonabelian group whose order has three distinct prime factors can be planar.
Introduction
Dummit and Foote remark that "unlike virtually all groups" A 4 has a planar Hasse Lattice [6, p.110] . That is to say, the lattice of subgroups of a given group can rarely be drawn without its edges crossing. Intrigued, the first author began an investigation that led to a Master's thesis written under the supervision of the second author. Recently, others have also considered this problem [11, 14] . This paper is a revised version of the first author's thesis in which we will completely classify those finite groups having planar lattices.
Before beginning, we need some definitions. To show that a group is planar or lattice-planar, we will explicitly exhibit an embedding of its subgroup graph in the plane. To show that a group is not planar, we will use three techniques. Kuratowski's Theorem states that a graph is nonplanar if and only if it contains a subgraph homeomorphic to K 5 or K 3,3 [9, p.103] , so if
we explicitly exhibit such a subgraph we will have shown nonplanarity. If G has a subgroup that is nonplanar, clearly G must be nonplanar. If we can find an H G such that G/H is nonplanar, then G must be nonplanar since it contains a sublattice isomorphic to that of G/H. Example 1. 4 . Figure 2 shows that S 4 and A 5 are nonplanar. We use S X (resp.
A X ) to denote the symmetric group (resp. the alternating group) acting on the set X. Note that here and in the future we will only include those edges that are part of the subgraph homeomorphic to K 3,3 . 2,4,5} n n n n n n A {1,2,3,4} A {1,3,4,5} (12) w w w w(13) w w w w To show that a group is not lattice-planar we will invoke the following theorem of Platt [8] .
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Theorem 1.5. A finite lattice is lattice-planar if and only if the graph obtained by adding an edge from the minimal element to the maximal element is planar.
Starr and Turner [11] and Bohanon [2] prove the following result for abelian groups. The only one of these families that is not lattice-planar is Z p α qr .
The main result of our paper is the following theorem. 
Solvable Groups
Recall that a Hall subgroup is a subgroup whose index is relatively prime to its order and that a Sylow basis for a group is a set of Sylow subgroups {P i } i∈π (G) (where π(G) denotes the set of primes dividing |G|) of G such that
We have the following theorem. Figure 3 (its subgroup graph is qualitatively different from those of the other modular groups). It is straightforward to show that Figure 4 gives the subgroup lattice for M p α , p α = 8. (Note that this lattice is isomorphic to that of Proof. If α = 3 and p = 2, the only nonabelian groups are (up to isomorphism) the (lattice-planar) modular group and Q 8 which is lattice-planar by Figure 5 . Figure 6 shows that the second group is not planar. Table 1 gives a list of cases and the corresponding subgroup or subgraph that proves nonplanarity. Note that when j = 0 and k = 0, G is abelian, so we need not consider this case.
case nonplanar subgroup or subgraph Table 1 The case j = 0, k = 0, α = 4 requires a bit of explanation. Taking y y y y Proof. Analogously to the previous lemma, we have H = c with c p = 1 and
, as in the previous lemma the only possibilities for G are is not lattice-planar we will invoke Platt's Theorem. We add an additional edge from {1} to QD 16 and exhibit a subgraph homeomorphic to K 3,3 in Figure 11 . Now suppose that i = 0. Note that regardless of the values of i, j and k, a p is central. Table 2 gives a description of the nonplanar subgroup or subgraph in each case.
If j = 0, k = 0 and α = 4, G is clearly isomorphic to Group A of Lemma 2.6. If
e e e e e e e e e e e Proof. Let |G| = p α and let H be a central subgroup of order p, generated by c.
We will induct on α. As noted earlier G/H must be planar and cannot be cyclic (since G is nonabelian). 
is nonplanar. If i = 0 and at least one of j or k is nonzero, then (Table 3 gives the appropriate choices for x and y in each case). Figure 12 shows that this group is not planar.
case choices for x and y or QD 16 . Each of these has a subgroup isomorphic to Q 8 ( a 2 , b in the first case and a 2 , ab in the second), so G would contain a subgroup
but such a K must be nonplanar by our arguments when α = 4. Proof. We will denote the subgroup we seek by Proof. Let our three Sylow p-subgroups be P 1 , P 2 and P 3 . By Lemma 2.10 we can find a subgroup of P 1 ∩ K that is trivalent with respect to P 1 ∩ K, P 2 ∩ K, and P 3 ∩ K (since groups of this form have the same order and are distinct, by our hypothesis, we cannot have any containment relationships). By Lemma 2.10, we can find a supergroup of P 1 that that is trivalent with respect to P 1 , P 2 and P 3
(and consequently with respect to P 1 ∩ K, P 2 ∩ K and P 3 ∩ K). Moreover P 1 ∩ K, P 2 ∩ K and P 3 ∩ K also connect to K (or equivalently, to a subgroup of K). Note that our common supergroup cannot be K because K has order p α−1 q β and P i has order p α . This provides a homeomorphic copy of K 3,3 and completes the proof.
We will begin our investigation with groups of order p α q, then p 2 q 2 , and finally Proof. When t = 0, we have the direct product which is planar by Theorem 1.6. It is straightforward to show that Figure 13 gives the subgroup lattice when t = 1.
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When t > 1, applying Proposition 2.11 with P 1 = b , P 2 = ab , P 3 = a 2 b , and and
is an element of order q in GL 2 (p) (when q | p + 1).
All of these groups are lattice-planar.
Proof. Burnside 
refer to this group as Group 4 of order p 2 q. This is nonplanar by Figure 14 . 
Next we have a, b, c|a
q . There are (q + 3)/2 isomorphism types in this family (one for t = 0 and one for each pair {x,
We will refer to all of these groups as Group 5(t) of order p 2 q. Figure 15 shows a subgraph homeomorphic to K 3,3 . When t = 0 or 1, neither A nor B are present. When t = 0, A is absent and B = ac . When t = 1, A = ab, c and B is absent.
Case 2c, q | p + 1: The only nonabelian group here is a, b, c|a
has order q in GL 2 (p). We refer to this group as Group 6 of order p 2 q. This group is lattice-planar by Figure   16Z Proof. Let P denote a Sylow p-subgroup and Q a Sylow q-subgroup.
We will induct on α. Consider the case when α = 3. If p > q, then n p = 1 by Sylow's Theorem and our group G ∼ = P Z q . Since P must be planar, we must If q > 3, q 24 and our semi-direct product must be the direct product Q 8 × Z q which has the nonplanar group Z 2 × Z 2 × Z q as a quotient. If q = 3, the only non-trivial semidirect product up to isomorphism is
shows that this group is nonplanar. must be normal, a case we have already considered. Therefore, the only remaining possibility is that we have a semi-direct product isomorphic to Z q P , where
the only nonabelian planar possibility is the one claimed (by Lemma 2.12)
, each has a subgroup isomorphic to Z p × Z p which is nonplanar by Proposition 2.13. If P ∼ = Q 8 and the semi-direct product is a direct product, n p = 1 and we have already dealt with this case. According to [13, p. 257 ], up to isomorphism the only non-trivial semi-direct product is a, b, c|a This completes the case when α = 3.
When α > 3 and n p = 1 our group is isomorphic to P Z q with P planar.
If P ∼ = Z p α , we are done by Proposition 2.14.
is characteristic in P and P Z q is nonplanar by induction. We must also deal with the case when p = 2 and α = 4 separately, since P ∼ = Q 16 or QD 16
are also possible. But in both cases, a 4 is characteristic and modding out by it gives Q 8 Z q or D 8 Z q which yields no planar groups.
When α > 3 and n p (G) = 1, we know that there must be a normal subgroup
1 we have at least three distinct Sylow p-subgroups of K, which must each lie in distinct Sylow p-subgroups P 1 , P 2 , P 3 of G. Applying Proposition 2.11, G is nonplanar. If n p (K) = 1, then K = P Z q , which must be cyclic by induction.
Since the intersection of any Sylow q-subgroup of G with K is a Sylow q-subgroup of K [6, p.147, ex. 34] and all of these q-subgroups have order q, this forces n q (G) = 1. Proof. As usual, P and Q will denote a Sylow p-subgroup and q-subgroups respectively. We may assume without loss of generality that p > q. By Sylow's Theorem,
. This is impossible unless (p, q) = (3, 2), a case we will address shortly. Except possibly for this case, we therefore have
we are done by Proposition 2.14.
which is nonplanar by Theorem 1.6. 
a subgroup, regardless of the automorphism used to define the semidirect product [7] .
Finally, we must deal with the case when (p, q) = (3, 2) and n p = Proof. Let G denote our group of order p α q β . We will induct on α + β beginning with α +β = 4, where the result holds by Proposition 2.16. Now suppose α +β > 4.
Since G is solvable, it must contain a normal subgroup H of prime index, without loss of generality, say q. As usual, P will denote a Sylow p-subgroup and Q a Sylow q-subgroup. 
There is a characteristic subgroup P ≤ P of index p and K = P Q ≤ P Q, so K is planar. If α > 2, K is cyclic by induction and if α = 2, K is cyclic or isomorphic to Z p Z q β by Proposition 2.15. In either case, Q must be cyclic, and hence G ∼ = P Q must be cyclic by Proposition 2.14. Proof. Let G be our group. If n p = n q = n r = 1, G is the direct product of its Sylow subgroups. Since P × Q, P × R and Q × R must be planar, by our work on groups of order p α q β , the Sylow subgroups must be cyclic. Therefore, G is cyclic.
We know this group is only planar when two of the exponents are 1 by Theorem
Without loss of generality, suppose n p = 1. Let P , Q and R form a Sylow basis for G, and let P be a Sylow subgroup distinct from P . Since P and P are distinct and P Q ∩ P R = P , we cannot have P ≤ P Q ∩ P R. This implies that there cannot be exactly one Hall subgroup of order p α q β and exactly one of order p α r γ . Assume that P Q = P Q are Hall subgroups of order p α q β . The edges from P to P Q and from P to P Q may or may not cross. If they do not, Figure 19 shows a K 3,3 in the subgroup graph. Note that P Q, P Q might be G and P ∩ P might be trivial, but this does not affect the nonplanarity. If the edges do cross, we repeat the the construction above with the roles of Q and R reversed. This is only a problem if the edges from P to P R and from P to P R also cross. But in that case, P ≤ P Q ∩ P R, which we've seen is impossible.
This completes the classification of planar finite solvable groups.
Nonsolvable Groups
Recall that a minimal simple group is a nonabelian simple group all of whose proper subgroups are solvable.
Since any nonsolvable group has a simple group as a subquotient and every simple group has a minimal simple group as a subquotient, if we can show that the minimal simple groups are nonplanar, we will have shown that the nonsolvable groups are nonplanar. The classification of minimal simple groups, which preceded the full classification of simple groups historically, will be given below. 
Conclusion
Putting the results of the previous sections together we obtain our main theorem.
In [11] , Starr and Turner also classify the infinite abelian planar and latticeplanar groups. We know of no examples of infinite nonabelian planar groups. The question of their existence or non-existence and the study of other graph-theoretical properties of the subgroup graph will be the subject of future work.
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